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EXTENDED MANIFOLDS AND EXTENDED EQUIVARIANT
COHOMOLOGY
SHENGDA HU AND BERNARDO URIBE
Abstract. We define the category of manifolds with extended tangent bundles,
we study their symmetries and we consider the analogue of equivariant cohomology
for actions of Lie groups in this category. We show that when the action preserves
the splitting of the extended tangent bundle, our definition of extended equivariant
cohomology agrees with the twisted equivariant de Rham model of Cartan, and for
this case we show that there is localization at the fixed point set, a` la Atiyah-Bott.
1. Introduction
The study of the geometry on the generalized tangent bundle TM = TM ⊕ T ∗M
starts with the paper [11], in which Hitchin introduced the notion of generalized
complex structures. The framework of generalized complex geometry was first devel-
oped by Gualtieri in his thesis [9] and much more has been done since. The algebraic
structure underlying the considerations of generalized geometry is the structure of a
Courant algebroid on TM (cf. definition 3.1.1), this is the main object of study in
this article.
The natural group of symmetries for the tangent bundle TM is the diffeomorphism
group Diff(M). In contrast, the natural group of symmetries for TM is given by
G = Diff(M) ⋉ Ω2(M). The action of B ∈ Ω2(M), which is also called a B-
transformation, is given by
eB(X + ξ) = X + ξ + ιXB, for X ∈ Γ(TM) and ξ ∈ Ω
1(M).
In this article, we take this approach one step further and take the following point of
view. We see the B-transformations as part of an extended change of coordinates. As
in classical differential geometry that intrinsic quantities do not depend on the choice
of coordinates, here we ask for independence on the choice of extended coordinates.
With this point of view, the splitting of TM into direct sum is only a choice
of extended coordinates, in which applying a B-transformation corresponds to a
different choice of coordinates. Along the same line, the embedding of T ∗M → TM
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is invariant with respect to the extended change of coordinates. Thus we are led to
the consideration of the extension sequence:
0→ T ∗M → TM → TM → 0,
where TM is the same bundle TM but without a preferred splitting. The Courant
algebroid TM of this type is called exact [17] and we will use the name extended
tangent bundle to emphasize the relation with the geometry of the manifold, as well
as the absence of a preferred splitting. In the following, we will use the notion
extended manifold to denote a manifold M with an extended tangent bundle TM .
This paper accomplishes the following. In the first part (§2 and 3), starting with
linear algebra (§2) we describe the category of extended manifolds (§3). In the second
part (§4 and 5), we consider the induced action on the spinors (§4) and describe a
new equivariant cohomology (§5) which involves non-trivially the extended part of
the symmetries, i.e. the action of Ω2(M). In §5 we also consider some special cases
and examples. In the last part (§6 and 7), we check the properties of the equivariant
cohomology we introduced (§6) and show that, in certain cases, the new equivariant
cohomology allows localization to fixed point sets (§7), in the sense of Atiyah-Bott.
In the first part, to define the category, we are mainly concerned with the defini-
tion of morphisms (cf. definition 3.5.1). There are two ingredients in the definition,
reversed structure (cf. definition 3.4.1) and isotropic extended submanifold (cf. def-
inition 3.5). Recall that the structure of a Courant algebroid on TM is given by
the datum (∗, 〈, 〉, a) ( cf. definition 3.1.1), where 〈, 〉 is a non-degenerate symmetric
pairing. The reversed structure of Courant algebroid on TM is then given by the
datum (∗,−〈, 〉, a), which we denote by −TM . A standard reversion is by defini-
tion an isomorphism of Courant algebroids τ : TM → −TM , covering the identity
on TM . Standard reversions can be seen as a more intrinsic way of representing
isotropic splittings of TM , as they are in one-to-one correspondence to each other.
Then a morphism between (M, TM) and (N, T N) is a map f : M → N whose
graph is an isotropic extended submanifold of (M ×N,−TM ⊞T N). We show that
this naturally encodes the action of Ω2(M). Summarizing, we have:
The category ESmth of extended manifolds is given by the following. An object
in the category is a manifold M together with an extended tangent bundle TM . An
morphism f˜ : (M, TM) → (N, T N) is given by a smooth map f : M → N and an
isotropic extended structure E on the graph of f , with respect to the extended tangent
bundle −TM ⊞ T N .
When we choose and fix splittings of the extended tangent bundles, a morphism is
given equivalently by a smooth map f : M → N and a two form bf˜ ∈ Ω
2(M) so
that HM = dbf˜ + f
∗HN , where H· are the twisting forms defined by the chosen
splittings and [H·] give the Sˇevera classes of the extended tangent bundles. In this
way, the composition of two morphisms f˜ = (f, bf˜ ) and g˜ = (g, bg˜) is given by
h˜ = (g ◦ f, bf˜ + f
∗bg˜).
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Although the definition of composition as above uses the splittings of extended
tangent bundles, we show that the morphism thus obtained does not depend on
the choice of splitting.
The second part discusses equivariant cohomology, in the extended setting. Recall
that the space of spinors for TM with pairing 〈, 〉 can be identified with Ω•(M).
From our point of view, the identification is not canonical, rather, it depends on
the choice of extended coordinates. We thus arrive at the notion of abstract spinor
space S•(M) (cf. definition 3.7.1). For g be a Lie algebra, we introduce two notions
of g-actions on TM . The first is the generalized action of g, given by a Lie algebra
homomorphism g → XT , where XT is the Lie algebra of infinitesimal symmetries
of TM . The second is when the generalized action factors through the composition
g
δ
→ Γ(TM)
κ
→ XT , where the map κ sends the bracket of the Courant algebroid
TM to the Lie bracket on XT . We say then that this generalized action is an
extended action and we have obtained the following result.
Choose and fix a splitting s of TM . For X = s(X) + ξ ∈ Γ(TM), let LTX =
LX + (dξ − ιXH)∧, ιX = ιX + ξ∧ and dT = d −H∧, where H is the twisting form
defined by s. Then these operators are independent of the choice of splitting s. Let
δ : g → Γ(TM) be an extended g-action that is isotropic. Then the following is a
chain complex
C•g(TM) =
{
ρ ∈ S•(M)⊗ Ŝ(g∗)
∣∣LTδ(τ)ρ = 0 for all τ ∈ g} , dT ,δ = dT −∑
j
ujιδ(τj ).
The cohomology H•G(TM) of (C
•
g(TM), dT ,δ) is called the extended g-equivariant
cohomology.
We note that even when the generalized action of g on TM is trivial, the map
δ : g → Γ(TM) may not be trivial and the above cohomology is different from
the tensor product of H∗(M) and Ŝ(g∗). In fact, as the examples in §5 show,
the extended equivariant cohomology can be genuinely different from the ordinary
equivariant cohomology.
The last part concerns the case when the g-action is integrable to an action of
compact Lie group G. In this case, let F be the fixed point loci. Then the in-
duced extended tangent bundle T F naturally embeds into TM . The naturality of
this embedding does not hold for general submanifolds. When the g-action is an
extended action that preserves a splitting, we show that the extended g-equivariant
cohomology localizes to the fixed point set in the sense of Atiyah-Bott. Along the
way, we show that the axioms of cohomology theory are satisfied by the extended
equivariant cohomology and there is a Thom isomorphism between the cohomology
of the base and the vertically compactly supported cohomology of a vector bundle.
The later is the corner stone for the localization argument.
We note that the terminology of extended action has been introduced by [6] in a
slightly different fashion, in connection with their reduction construction. Various
authors have described the twisted cohomology H•(M ;H) in detail [15, 3] and the
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idea of twisting a equivariant cohomology theory by a 3-class is also known [8]. As
far as the authors know, the extended complex introduced in this article for the
extended actions has not been discussed before in the literature.
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2. Extended linear algebra
2.1. Extended linear spaces. Let V be a (R-)linear space of dimension n. An
extension of V is a triple (V, Vˆ , 〈, 〉) where V is a (R-)linear space of dimension 2n,
with a non-degenerate pairing 〈, 〉 of signature (n, n), so that Vˆ ⊂ V is a maximal
isotropic subspace which fits into the extension sequence
(2.1) 0→ Vˆ
a∗
−→ V
a
−→ V → 0,
where Vˆ ≃ V ∗ via the pairing 2〈, 〉. For X ∈ V, we write X = a(X), then we have
ξ(X) = 2〈ξˆ,X〉 for any ξ ∈ V ∗, where we use the “hat”ˆ: V ∗ → Vˆ : ξ 7→ ξˆ to denote
the identification induced by the pairing.
A splitting s : V → V of the above exact sequence is called isotropic if the image
is isotropic with respect to the pairing. The set I of isotropic splittings s is a torsor
over ∧2V ∗. In fact, let B(X, Y ) = 〈(s′ − s)(X), Y 〉, then
〈(s′ − s)(X), Y 〉 = −〈X − s′(X), s′(Y )〉+ 〈X − s(X), s(Y )〉 = −〈X, (s′ − s)(Y )〉,
i.e. s′(X) = (B ◦ s)(X) := s(X) + ι̂XB.
2.2. Extended subspaces. Let i : W ⊂ V be a linear subspace. An extended
structure E on W is a subspace of V which fits into the following diagram:
(2.2) 0→ C → E
a
−→W → 0, for some C ⊂ Vˆ ,
where a is the restriction of the projection V → V . The extended subspace W =
(W,E) is isotropic (resp. non-degenerate) if the restriction of 〈, 〉 to E vanishes
(resp. is non-degenerate). In the following, we will only consider maximal extended
structures, i.e. those that are not contained in any other extended structures of the
same type. Let K = AnnVˆW , Wˆ = Vˆ /K and W = Ann(K)/K, then we have an
induced extension of W given by (W, Wˆ , 〈, 〉W ).
2.2.1. Isotropic. Let E be a (maximal — we will drop maximal in the following, as
they are the only kind we consider here) isotropic extended structure onW , then C =
K. The extension sequence (2.2) descends to W and becomes 0→ E/K →W → 0,
i.e. E/K is an isotropic splitting of W. On the other hand, for any splitting sW of
W, the preimage of sW (W ) in Ann(K) under the quotient map gives an isotropic
extended structure on W . It follows that the space of isotropic extended structures
on W is a torsor over ∧2W ∗.
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2.3. Reversion. Let (V, Vˆ , 〈, 〉) be an extension of V , then the reversed extension
is defined to be (V, Vˆ ,−〈, 〉). When we abbreviate V as the extension, the reversed
extension will be denoted −V. A standard reversion of V is an isomorphism τ : V→
−V which covers the identity on V . Let s : V → V be an isotropic splitting, then
we define the standard reversion τs : V→ −V : X = s(X) + ξˆ 7→ s(X)− ξˆ, since
〈τs(X), τs(Y)〉 = 〈s(X)− ξˆ, s(Y )− ηˆ〉 =
1
2
(〈ξ, Y 〉+ 〈η,X〉) = −〈X,Y〉.
On the other hand, for any standard reversion, the sub-space Vτ fixed by τ is non-
empty and maximally isotropic, since 〈X,Y〉 = 0 for all X,Y ∈ Vτ . In fact, we see
that splittings and standard reversions are in one-to-one correspond to each other,
i.e. the set of standard reversions is a torsor over ∧2V ∗.
2.4. Extended complex structures. A linear extended complex structure on V is
defined as a linear map J : V→ V so that J2 = −1 and 〈J·, J•〉 = 〈·, •〉. Let P : V ∗ ≃
Vˆ → V
J
−→ V→ V be the composition of the natural maps, then from the definition
of J we have P ∗ = −P . It follows that P ∈ ∧2V . An extended Lagrangian (resp.
complex ) subspace W ⊂ V is an isotropic (resp. non-degenerate) extended subspace
(W,E) so that E is preserved by J. When W is extended Lagrangian, K = AnnVˆW
is isotropic with respect to P , since we have the restriction P : K → W = AnnVK,
correspondingly, we say that W is co-isotropic with respect to P . We may also see
J as a linear extended complex structure on −V as well. Let τ : V → −V be a
standard reversion, then Jτ = τ ◦ J ◦ τ
−1 : V→ V is the τ -reversed linear extended
complex structure (which corresponds to the twisted structure in [5]).
2.5. Direct sums and morphisms. Let (V, Vˆ , 〈, 〉V ) and (W, Wˆ , 〈, 〉W ) be two
extended linear spaces. The direct sum extension of V ⊕ W is defined as (V ⊕
W, Vˆ ⊕ Wˆ , 〈, 〉V ⊕ 〈, 〉W ). Let φ :W → V be a linear map. An extension φ˜ = (φ,E)
of φ is given by an isotropic extended structure E ⊂ −W⊕V over graph(φ) ⊂W⊕V ,
i.e.
0→ Kφ → E → graph(φ)→ 0.
By the arguments in §2.2.1 we see that (ηˆ, ξˆ) ∈ Kφ ⊂ Wˆ ⊕ Vˆ is given by
−〈ηˆ, w〉W + 〈ξˆ, φ(w)〉V = −η(w) + ξ(φ(w)) = 0 for all w ∈ W ⇒ Kφ = graph(φˆ),
where φ∗ : V ∗ → W ∗ is dual to φ, so that φˆ : Vˆ → Wˆ via the identification .ˆ
Definition 2.5.1. We call φ˜ a morphism between the extended linear spaces and
denote it by φ˜ = (φ,E) :W→ V.
Let’s look at the subspace E in more detail. Choose splittings sV and sW of V
and W respectively. Then an element e ∈ E is of the form
e =φˆ(ηˆ) + ηˆ + sW (x) + sV (φ(x)) + λVˆ (x) + λWˆ (x)
=φˆ(ηˆ′) + ηˆ′ + sW (x) + sV (φ(x)) + (λWˆ − φˆ ◦ λVˆ )(x)
(2.3)
where x ∈ W, ηˆ and ηˆ′ = ηˆ + λVˆ (x) ∈ Vˆ , λWˆ : W → Wˆ and λVˆ : W → Vˆ .
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We regard a linear map q : W → Wˆ also as a quadratic form via q(x, x′) =
2〈q(x), sW (x
′)〉W , where sW is any isotropic splitting of W. We then check that
E is isotropic iff
bE := λWˆ − φˆ ◦ λVˆ ∈ ∧
2W ∗.
It follows that E determines, and is uniquely determined, by bE ∈ ∧
2W ∗ and we
obtain the explicit form of the statement in §2.2.1.
Proposition 2.5.2. Let φ : W → V be a linear map. Choose splittings sW and sV
of W and V respectively, then any morphism φ˜ :W→ V extending φ is determined
by an element bφ˜ ∈ ∧
2W ∗. Let BW ∈ ∧
2W ∗ and BV ∈ ∧
2V ∗ and consider splittings
s′W = sW + ι•BW and s
′
V = sV + ι•BV . Then the element b
′
φ˜
= bφ˜ − BW + φ
∗BV ∈
∧2W ∗ determines the same morphism φ˜.
Proof: Directly compare the spaces
E = {sW (x) + φˆ(η) + ι̂Xbφ˜ + sV (φ(X)) + η|x ∈ W and η ∈ Vˆ } with
E ′ = {s′W (x) + φˆ(η) + ι̂Xb
′
φ˜
+ s′V (φ(X)) + η|x ∈ W and η ∈ Vˆ }

We note that we may always choose splittings of V and W so that the element bφ˜
in the proposition 2.5.2 vanishes. In this case, we see that φ˜ is given by the maps
φ : W → V and φ∗ : V ∗ → W ∗ on W = W ⊕W ∗ and V = V ⊕ V ∗, where the
identifications come from the splittings as well as .ˆ
2.6. Composition. Let φ˜ = (φ,E) : W → V and ψ˜ = (ψ, F ) : V → U be two
morphisms of extended linear spaces. We consider the composition λ = ψ ◦φ : W →
U and the induced extended structure on graph(λ). According to the description
given in the previous subsection, we choose and fix splittings of W, V and U, then
the morphism can be represented by the pair (φ, bφ˜) and (ψ, bψ˜), where bφ˜ ∈ ∧
2W ∗,
for example. We then define the composition of the morphisms:
Definition 2.6.1. With the chosen splittings of the extended linear spaces, the com-
position λ˜ = ψ˜ ◦ φ˜ is given by λ = ψ ◦ φ and bλ˜ = bφ˜ + φ
∗bψ˜ ∈ ∧
2W ∗.
We check that the composition is well-defined, i.e. it does not depend on the choice
of splittings, for which we use the proposition 2.5.2. Let BW ∈ ∧
2W ∗, BV ∈ ∧
2V ∗
and BU ∈ ∧
2U∗ defining different splittings of the extended linear spaces. Then the
same morphisms φ˜ and ψ˜ are given by
b′
φ˜
= bφ˜ − BW + φ
∗BV and b
′
ψ˜
= bψ˜ −BV + ψ
∗BU ,
and the definition then gives
b′
λ˜
= b′
φ˜
+ φ∗b′
ψ˜
= bφ˜ + φ
∗bψ˜ − BW + λ
∗BU = bλ˜ − BW + λ
∗BU ,
which by proposition 2.5.2 gives the same morphism λ˜. It is easy to check that the
following equality of compositions of extended morphisms holds
φ˜1 ◦ (φ˜2 ◦ φ˜3) = (φ˜1 ◦ φ˜2) ◦ φ˜3.
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2.7. The category. Now the category EV ect of extended linear spaces is defined.
An object in EV ect is given by the triple (V, Vˆ , 〈, 〉) in the exact sequence
0→ Vˆ → V→ V → 0,
so that 〈, 〉 is symmetric, non-degenerate of split signature and Vˆ is maximally
isotropic. We will usually denote such an object by V. A morphism φ˜ : W → V
in EV ect is given by an isotropic extended structure E ⊂ −W ⊕ V on the graph
of φ ∈ Hom(W,V ). We will call φ˜ to be an extension of φ. The composition of
morphisms is given by definition 2.6.1. In particular, from the definitions, we have
the following fibration sequence:
∧2W ∗ → HomEV ect(W,V)→ Hom(W,V ).
When W = V, we may consider the group of invertible morphisms AutEV ect(V),
which fits into the extension sequence
0→ ∧2V ∗ → AutEV ect(V)→ GL(V )→ 1.
The identity element in AutEV ect(V) is given by the diagonal △ ⊂ −V⊕V, which is
a morphism extending id ∈ GL(V ).
2.8. Spinors. Let Cl(V) be the Clifford algebra of V, i.e.
Cl(V) = ⊗∗V/(X⊗ X− 〈X,X〉).
For the choice of an isotropic splitting, we determine an action of Cl(V) on ∧∗Vˆ ,
exhibiting it as a spinor space for Cl(V). For ρ ∈ ∧∗Vˆ , we denote the action of X
on ρ by the contraction
ιXρ = ιXρ+ ξˆ ∧ ρ, where ξˆ = X− s(X).
Let B ∈ ∧2V ∗, then eB =
∑
j
B∧j
j!
∈ ∧evV ∗ and the action of ∧2V ∗ on ∧∗Vˆ is
defined by:
B ◦ ρ = e−Bˆ ∧ ρ.
Definition 2.8.1. The abstract spinor space S for the triple (V, Vˆ , 〈, 〉) is given by
I ×∧2V ∗ ∧
∗Vˆ , where the action is the anti-diagonal action (as usual).
The bundle I × ∧∗Vˆ over S with fiber ∧2V ∗ provides identification of S with the
section {s} × ∧∗Vˆ upon a choice of splitting s ∈ I. The representation of Cl(V)
on S is defined by any of such identifications as we can see in the following set of
equations:
e−Bˆ ∧
(
ιX(e
Bˆ ∧ ρ) + (X− s(X)− ι̂XB) ∧ e
Bˆ ∧ ρ
)
=e−Bˆ ∧
(
ι̂XB ∧ e
Bˆ ∧ ρ+ eBˆ ∧ ιXρ+ (X− s(X)− ι̂XB) ∧ e
Bˆ ∧ ρ
)
=ιXρ+ (X− s(X)) ∧ ρ.
We will use ιX to denote the above action of X ∈ V on S, which generates the
Cl(V)-action.
8 SHENGDA HU AND BERNARDO URIBE
Lemma 2.8.2. Let φ˜ : W → V be a morphism of extended linear spaces. Then it
induces natural pull-back map of spinor spaces: φ˜• : SV → SW .
Proof: We use the description of morphisms given in proposition 2.5.2. Choose
splittings sW and sV of the extended linear spaces and represent φ˜ by the pair
φ : W → V and bφ˜ ∈ ∧
2W ∗. Then we have the following diagram defining φˆ :
∧∗Vˆ → ∧∗Wˆ and φ˜• : SV → SW :
∧∗V ∗
φ˜∗=e
−b
φ˜◦φ∗

ˆ // ∧∗Vˆ
φˆ

{sV } × ∧
∗Vˆ +3 SV
φ˜•

∧∗W ∗
ˆ
// ∧∗Wˆ {sW} × ∧
∗Wˆ +3 SW
.
Now we show that the above definition does not depend on the choices made, i.e.
the splittings sW and sV . Choose another pair of splittings:
s′W (X) = sW (X) + ιXBW and s
′
V (Y ) = sV (Y ) + ιYBV ,
then, for example, the induced identification of SV → ∧
∗V ∗ is given by post-
composition with e−BV . Let ρS ∈ SV which corresponds to ρ ∈ ∧
∗V ∗, and we
follow the diagram:
ρ // e−BV ρ // e−bφ˜−φ
∗BV φ∗(ρ) // e−bφ˜−φ
∗BV +BWφ∗(ρ) e
−b′
φ˜φ∗(ρ)
It follows that φ˜•(ρS) is well defined independent of the choice of splittings. 
3. Category of extended manifolds
3.1. Courant algebroids. Following [13], we have the following definition of a
Courant algebroid:
Definition 3.1.1. Let E →M be a vector bundle. A Loday bracket ∗ on Γ(E) is a
R-bilinear map satisfying the Jacobi identity, i.e. for all X,Y,Z ∈ Γ(E),
(3.1) X ∗ (Y ∗ Z) = (X ∗Y) ∗ Z+Y ∗ (X ∗ Z).
E is a Courant algebroid if it has a Loday bracket ∗ and a non-degenerate symmetric
pairing 〈, 〉 on the sections, with an anchor map a : E → TM which is a vector bundle
homomorphism so that
a(X)〈Y,Z〉 = 〈X,Y ∗ Z+ Z ∗Y〉(3.2)
a(X)〈Y,Z〉 = 〈X ∗Y,Z〉+ 〈Y,X ∗ Z〉.(3.3)
The bracket in the definition is not skew-symmetric in general and the skew-
symmetrization [X,Y] = X ∗Y−Y ∗X is usually called the Courant bracket of the
Courant algebroid. The above definition is equivalent to the definition as given in,
for example, [14] or [9]. We rephrase the definition of generalized complex structure
([9, 11]):
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Definition 3.1.2. An extended tangent bundle TM is a Courant algebroid (cf.
definition 3.1.1) which fits into the following extension:
0→ T ∗M
a∗
−→ TM
a
−→ TM → 0.
The extended tangent bundle TM is split if the extension is split by some s : TM →
TM , so that the image is isotropic. An extended almost complex structure J on
TM is an almost complex structure on TM which is also orthogonal in the pairing
〈, 〉. Furthermore, J is integrable and is called extended complex structure if the
+i-eigensubbundle L of J is involutive with respect to either of the brackets ∗ or [, ].
An example of extended tangent bundle is TM = TM ⊕ T ∗M with the natural
pairing and the bracket that Courant discovered [7], namely
[X + ξ, Y + η] = [X, Y ] + LXη − LY ξ −
1
2
d(ιXη − ιY ξ).
Remark 3.1.3. An extended tangent bundle TM is also known with the name of
exact Courant algebroid [17, 6]. The Loday bracket for an extended tangent bundle
is also known as the Dorfman bracket.
Now, the sequence
0→ T ∗M
a∗
−→ TM
a
−→ TM → 0
is always split in the sense of the definition 3.1.2 and we have
TM ≃ TM = TM⊕T ∗M : X 7→ X+ξ, with X = a(X), ξ = X−s(X) for X ∈ TM.
Such map s is also called a connection in [17]. The choice of isotropic splitting
determines a closed 3-form
H(X, Y, Z) = 2〈s(X), [s(Y ), s(Z)]〉 = 2〈s(X), s(Y ) ∗ s(Z)〉.
Then the Courant algebroid TM is identified with the H-twisted Courant algebroid
structure on TM . The space of isotropic splittings, which will be denoted I(M), is
a torsor over Ω2(M) and different choices give cohomologous 3-forms. The action is
given by (B ◦ s)(X) = s(X) + ιXB. The class [H ] ∈ H
3(M,R) is the Sˇevera class
of TM [17]. With this point of view, we regard the generalized tangent bundle TM
with H-twisted Courant bracket as the pair (TM, s) of extended tangent bundle
with isotropic splitting (or equivalently, exact Courant algebroid with connection).
In particular, we’ll use T0M to denote TM with standard Courant bracket (albeit
splitting as well). This point of view is justified in the sense that reduction by
Hamiltonian action induces an extended manifold structure on the quotient which
is not naturally split [12].
3.2. Extended submanifolds. Let i : F ⊂ M be a submanifold. Then the
embedding defines an extended tangent bundle T F by T F = Ann(K)/K where
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K = AnnT ∗MTF ⊂ i
∗T ∗M . We get the roof
(3.4) Ann(K)
pi
vvmmm
mm
mm
mm
mm
mm
 v
((RR
RR
RR
RR
RR
RR
R
T F i∗TM
We note that a priori the submanifold F is not associated with an embedding
T F → i∗TM .
Lemma 3.2.1. Let [HM ] ∈ H
3(M) be the Sˇevera class of TM , then i∗[HM ] ∈ H
3(F )
is the Sˇevera class of T F .
Proof: Let sM : TM → TM be an isotropic splitting defining the twisting form
HM . The image of TF under sM must lie in Ann(K). Because sM(TF ) ∩ K = {0},
we see that sM descends to sF : TF → T F , which is an isotropic splitting. The
twisting form HF defined by sF is simply i
∗HM . 
Definition 3.2.2. An extended submanifold F of M with respect to the extended
tangent bundle TM is a submanifold i : F ⊂ M with an extended structure E ⊂
Ann(K), which is an involutive subbundle with respect to the bracket [, ], and which
fits into the following exact sequence
(3.5) 0→ C → E
a
−→ TF → 0, for some subbundle C ⊂ i∗T ∗M,
where a is the restriction of the anchor map for M . F is an isotropic (resp. non-
degenerate) extended submanifold if the restriction of 〈, 〉 to E vanishes (resp. is
non-degenerate).
By definition, E descends to an involutive subbundle EF = E/(K ∩ E) ⊂ T F ,
which will be called the reduced structure. The set of extended structures on F form
a partially ordered set with ordering the inclusion of E . We will consider in the
following only maximal extended structures in the partial order, and will often drop
the adverb maximally. We show in the following that maximally isotropic and non-
degenerate structures correspond respectively to the notion of generalized tangent
bundle in [9] and of split submanifold in [5].
Lemma 3.2.3. F admits a (maximally) isotropic extended structure iff the twist-
ing class of T F is 0. For such F , the space IF of (maximally) isotropic extended
structures is a torsor over Ω20(F ). Upon a choice of splitting s of TM defining the
twisting form Hs, then there is τs ∈ Ω
2(F ) so that dτs + i
∗Hs = 0.
Proof: Suppose that F is a maximally isotropic extended submanifold, then C =
K. Choose a splitting s of TM which defines a twisting form Hs ∈ Ω
3
0(M) and let
X = s(X) + ξ ∈ E for X ∈ TF and ξ ∈ T ∗M , then we have
〈X,Y〉 = 〈s(X) + ξ, s(Y ) + η〉 = ιXη + ιY ξ = 0 for X,Y ∈ E .
Define τs ∈ Ω
2(F ) by τ(X, Y ) = 〈X, s(Y )〉 = ιY ξ. We check that τs is well defined.
For X′ = s(X) + ξ′ ∈ E , we have ξ′ − ξ ∈ C = K and ιY ξ
′ = ιY ξ. Let s
′ be another
splitting of TM so that s′(X) = s(X)− ιXB for some B ∈ Ω
2(M), then the twisting
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form for TM becomes Hs′ = Hs − dB and we have τs′ = τs + i
∗B. It follows that
dτs + i
∗Hs is independent of the choice of splitting s.
We consider the reduced structure EF = E/K. The sequence (3.5) descends to
0 → EF → TF → 0 in T F . Since E is isotropic and involutive, we see that EF
is too. It follows that the splitting sF : TF → EF ⊂ T F gives a twisting form
HF = 〈sF (X), [sF (Y ), sF (Z)]F 〉F = 0. In particular, the twisting class of T F is
0. Conversely, suppose that T F has twisting class 0 and let sF : TF → T F
be a splitting defining the twisting form HF = 0. Consider the preimage E =
pi−1(sF (TF )), then the corresponding C in (3.5) is K. For any X,Y ∈ E , we have
pi([X,Y]) = [pi(X), pi(Y)] and 〈X,Y〉 = 〈pi(X), pi(Y)〉. Since EF is isotropic and
involutive, we see that E is isotropic and involutive as well. We note that E as
constructed is maximal among the isotropic extended structures.
Let E ′ be another maximally isotropic extended structure on F , which induces the
same splitting EF of T F . Let X ∈ E and X
′ ∈ E ′ so that a(X) = a(X′) = X ∈ TF ,
then η = X′ − X ∈ T ∗M and 〈η, TF 〉 = 0. It follows that η ∈ K and X′ ∈ E . Thus
E is uniquely determined by the reduced structure EF . Since the splittings of T F
defining twisting form HF = 0 is a torsor over Ω
2
0(F ), the same is true for IF .
We note that for X ∈ E , sF (X) = pi(X) = pi(s(X) + ξ) = pi(s(X)) + ιXτs and
LXη − ιY dξ ∈ K for X, Y ∈ TF and η, ξ ∈ K. We then compute
pi([X,Y]) = pi(s([X, Y ]) + LXη − ιY dξ + ιY ιXHs)
=pi(s([X, Y ])) + LXιY τs − ιY dιXτs + ιY ιX i
∗Hs
=sF ([X, Y ]) + ιY ιX(dτs + i
∗Hs).
It follows that dτs + i
∗Hs = 0 by the involutiveness of sF : TF → T F . 
Lemma 3.2.4. A (maximally) non-degenerate extended structure on the submanifold
F is equivalent to an embedding of the induced extended tangent bundles (cf. (3.4))
i∗ : T F → TM covering the embedding i∗ : TF → TM .
Proof: Suppose that E is a maximally non-degenerate extended structure on F ,
then C ≃ T ∗F via the restricted pairing 2〈, 〉. Since E is involutive, it is an extended
tangent bundle over F with the induced Courant algebroid structure. The projection
pi|E : E → T F is an isomorphism of extended tangent bundles and we obtain an
embedding of extended tangent bundles i∗ = pi|
−1
E : T F → TM . The other direction
is obvious. 
3.3. Product. Let (M, TM) and (N, T N) be two smooth manifolds with extended
tangent bundles. The product M ×N admits then natural extended tangent bundle
T (M×N) defined as follows. Let pii be the projection ofM ×N onto the i-th factor
for i = 1, 2. Then as bundles, we have natural identifications
T (M ×N) = pi∗1TM ⊕ pi
∗
2T N and T (M ×N) = pi
∗
1TM ⊕ pi
∗
2TN.
The structure of Courant algebroid on T (M × N) is then given by declaring that
the bracket and pairing all vanish between pi∗1TM and pi
∗
2T N . The axioms are easy
to check and the extended tangent bundle T (M ×N) is defined.
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3.4. Reversion. Similar to the linear case in §2.3, we have
Definition 3.4.1. Let M be a smooth manifold with an extended tangent bundle
TM , on which the structure of a Courant algebroid is given by (∗, 〈, 〉, a), then the
reversed extended tangent bundle −TM is the same bundle with the structure of
Courant algebroid given by (∗,−〈, 〉, a). A bundle isomorphism τ : TM → TM
is called a standard reversion if it gives an isomorphism of Courant algebroids τ :
TM → −TM and covers identity map on TM .
Let s be an isotropic splitting of TM , which defines a twisting form H ∈ Ω30(M)
as in §3.1 and gives an identification I : TM → TM : X = s(X)+ ξ 7→ X+ ξ, where
X = a(X) and ξ = X− s(X). Under this identification, we have
I[X,Y] = [I(X), I(Y)]H and 〈X,Y〉 = 〈X + ξ, Y + η〉.
Since a reversion of TM only changes the sign of the pairing, under the same iden-
tification I, −TM has a −H-twisted Courant algebroid structure. Let τs : TM →
TM : X + ξ 7→ X − ξ, then it is a reversion:
[τs(X + ξ), τs(Y + η)]H
=[X, Y ]− (LXη − LY ξ −
1
2
d(ιXη − ιY ξ) + ιY ιX(−H))
=τs([X + ξ, Y + η]−H).
and 〈τs(X + ξ), τs(Y + η)〉 = −〈X + ξ, Y + η〉. As in §2.3, we may see that there
is one-to-one correspondence between the set of reversions and the set of isotropic
splittings of TM . It follows that the set of reversions is a torsor over Ω2(M).
Suppose that J is an extended complex structure on TM , then it is also an
extended complex structure on −TM . When we want to be clear as to which
extended tangent bundle we are looking at, we use −J to denote the one on −TM .
3.5. Morphisms. Let (M, TM) and (N, T N) be two smooth manifolds with ex-
tended tangent bundles. Let f :M → N be a smooth map and id×f :M →M×N
its graph. On the product M ×N , we may endow another natural extended tangent
bundle T (M×˜N), which is given by the product of (M,−TM) and (N, T N). An
extended structure on the map f is defined to be an extended structure E˜ on its
graph (id× f)(M). More specifically, we have
0→ C˜ → E˜ → TM → 0,
where E˜ ⊂ (id× f)∗(T (M×˜N)) = −TM ⊕ f ∗T N is an involutive subbundle.
Definition 3.5.1. The pair (f, E˜) of map with extended structure is a morphism if
E˜ is maximally isotropic, and we denote it as f˜ = (f, E˜) : (M, TM)→ (N, T N).
We note that the Sˇevera class of T (M×˜N) is given by pi∗2 [HN ]− pi
∗
1 [HM ], then by
lemma 3.2.3, we see that f admits an extension into a morphism f˜ iff f ∗[HN ] = [HM ].
Similar to proposition 2.5.2, we have the following
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Proposition 3.5.2. Let f : M → N be a smooth map between extended manifolds,
so that f ∗[HN ] = [HM ]. Choose splittings sM and sN of TM and T N respectively,
then any morphism f˜ : (M, TM) → (N, T N) extending f is determined by an
element bf˜ ∈ Ω
2(M) so that HM = f
∗HN − dbf˜ . Let BM ∈ Ω
2(M) and BN ∈ Ω
2(N)
and consider splittings s′M = sM + ι•BM and s
′
N = sN + ι•BN . Then the element
b′
f˜
= bf˜ − BM + f
∗BN ∈ Ω
2(M) determines the same morphism f˜ . 
Remark 3.5.3. From proposition 3.5.2, it is clear that with a fixed splitting of T N ,
a splitting of TM may be chosen so that the 2-form bf˜ vanishes. For example, let
F ⊂ M and T F defined by the diagram 3.4, then the inclusion i : F → M can
be extended to a morphism i˜. In particular, choosing the splittings as given in the
lemma 3.2.1, the two form part b˜i vanishes. The same is not true vice versa, because
the map f ∗ : Ω2(N)→ Ω2(M) is not surjective in general.
Definition 3.5.4. Let f˜ : (M, TM) → (N, T N) and g˜ : (N, T N) → (P, T P ) be
two morphisms. Choose and fix splittings of the extended tangent bundles, then the
composition h˜ = g˜ ◦ f˜ is given by h = g ◦ f and bh˜ = bf˜ + f
∗(bg˜) ∈ Ω
2(M).
3.6. The category. We are now able to describe the category ESmth of extended
manifolds. An object in ESmth is the pair (M, TM), a smooth manifold with ex-
tended tangent bundle. The Sˇevera class of TM will be denoted [HM ]. A morphism
f˜ : (M, TM) → (N, T N) is given by an isotropic extended structure on the graph
of a smooth map f :M → N . We say that f˜ is an extension of f . The composition
of morphisms is given by definition 3.5.4. We have the following fibration sequence:
Ω20(M)→ HomESmth(M,N)→ C
∞
T (M,N)
where C∞T (M,N) denote the space of smooth maps f :M → N s.t f
∗[HN ] = [HM ].
In particular, when M = N as extended manifolds, we may consider the group GT
of symmetries of TM , consisting of invertible morphisms, which fits in the following
sequence:
0→ Ω20(M)→ GT → Diff [HM ](M)→ 1.
When the Sˇevera class vanishes, we use the subscript 0 in the various notions. Then
it is shown in [9] that G0 = Diff(M) ⋉ Ω
2
0(M). In §4, we will have more detailed
discussion about the group GT and its Lie algebra. Note also that this is a category
with involution, where the involution is given by the reversion TM 7→ −TM .
3.7. Spinors and cohomology. Analogous to the linear algebra case, we have
Definition 3.7.1. The abstract spinor space for TM is
S•(M) = I(M)×Ω2(M) Ω
•(M).
Again, a choice of s ∈ I(M) gives an identification of S•(M) to Ω•(M). Note that
the space S•(M) is no longer graded by Z, instead, it only remembers the induced
Z2-grading. The wedge product of differential forms makes S
•(M) into a natural
module over Ω•(M).
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Lemma 3.7.2. Let s ∈ I(M), H the twisting form defined by s and S•(M) identified
with Ω•(M). Let dH = d−H∧ on Ω
•(M), then it defines a differential dT on S
•(M).
The abstract spinor space S•(M) becomes a differential graded module over Ω•(M),
via the wedge product of forms.
Proof: It is easy to check that d2H = 0. We will show that it defines an operator on
S•(M). Suppose that s′ ∈ I(M) is another splitting so that s(X) − s′(X) = ιXB.
Then via s′, the identification S•(M) → Ω•(M) undergoes a B-transform and for
ρ ∈ Ω•(M) we have
dH′(e
B ◦ ρ) = (d− (H − dB)∧)(e−B ∧ ρ)
= e−B ∧ (−dB ∧ ρ+ dρ)− (H − dB) ∧ e−B ∧ ρ
= e−B(dHρ) = e
B ◦ (dHρ).
Let α ∈ Ω•(M). Since ∧α and the B-transform on S•(M) commute, we see that ∧α
is an operator on S•(M), which makes S•(M) into a graded Ω•(M)-module. For the
differential, we compute
dH(ρ ∧ α) = d(ρ ∧ α)−H ∧ ρ ∧ α = dHρ ∧ α + (−1)
|ρ|ρ ∧ dα.

Definition 3.7.3. The cohomology H•(TM) of (S•(M), dT ) is the de Rham coho-
mology of TM .
From the above lemma, we see that H•(TM) is a graded module over H•(M).
When we use s ∈ I(M) to identify S•(M) with Ω•(M), we see that the de Rham
cohomology of TM is simply the H-twisted cohomology H•(M ;H) of M . In
particular, we see that H•(M ;H) depends only on the cohomology class [H ] ∈
H3(M).
Let f˜ : (M, TM)→ (N, T N) be a morphism. Choose splittings of TM and T N ,
so that f˜ is represented by f : M → N and bf˜ ∈ Ω
2(M). Define the pull-back
f˜ • : S•(N)→ S•(M) by
f˜ •(ρ) = e−bf˜ ∧ f ∗(ρ).
Then it is independent of the choice of splitting as in the linear case (proposition
2.8.2).
Proposition 3.7.4. f˜ • is a chain homomorphism, and therefore it induces a homo-
morphism f˜ • : H•(T N)→ H•(TM).
Proof: Choose splittings of TM and T N and let the twisting forms be HM and
HN respectively. Then HM = f
∗HN − dbf˜ and we compute
dHM (e
−b
f˜f ∗(ρ)) = −dbf˜e
−b
f˜f ∗(ρ)+e−bf˜dHMf
∗(ρ) = e−bf˜df∗HNf
∗(ρ) = e−bf˜f ∗(dHNρ).

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3.8. Thom isomorphism. Let pi : V → M be an oriented real vector bundle of
rank k. In the classical situation, the Thom isomorphism is as follows. Let H∗cv(V )
denote the de Rham cohomology of forms with compact support along the fibers,
then in Hkcv(V ), there is a Thom class [Θ], which is the unique class which restricts
to the orientation class [Θx] ∈ H
k
c (Vx). The Thom isomorphism is therefore defined
by wedging with [Θ]:
Th : H∗(M)
∧[Θ]
−−→ H∗cv(V ).
In the category ESmth, a vector bundle p˜i : (V, T V ) → (M, TM) is a morphism
extending a classical vector bundle pi. It follows that the Sˇevera class of T V is
given by [HV ] = pi
∗[HM ]. Then splittings may be chosen so that the morphism p˜i
is given by pi together with bp˜i = 0. It follows that HV = pi
∗HM . By the local to
global principle we can show that the extended de Rham cohomology also has Thom
isomorphism, via cupping with the Thom class. The ingredients in the argument
are discussed in §6 for the equivariant case.
Let U ⊂M be a contractible open subset and VU → U be the restriction of V on
U . The Poincare´ lemma then states that HU = HM |U = dBU for some BU ∈ Ω
2(U).
Then it follows that T hU : H
∗(U ;HU)
∧[Θ|U ]
−−−−→ H∗cv(VU ; pi
∗HU) is an isomorphism
because we have
T hU = e
−pi∗BU ◦ Th|U ◦ e
BU .
Applying the Mayer-Vietoris sequence to the opens sets U,W :
H∗(U ∩W ;HU∩W ) //
∼= ∧[θU∩V ]

H∗(U ∪W ;HU∪W ) //
∧[θU∪V ]

H∗(U ;HU )⊕H
∗(W ;HW )
∼= ∧[θU ]⊕∧[θV ]

H∗cv(VU∩W ; pi
∗HU∩W ) // H
∗
cv(VU∪W ; pi
∗HU∪W ) // H
∗
cv(VU ; pi
∗HU)⊕H
∗
cv(VW ; pi
∗HW )
and with the use of the five-lemma, we have that the Thom isomorphism on U
and W implies the Thom isomorphism on U ∪W . Therefore by induction on the
open contractible sets that cover M , we have the Thom isomorphism in twisted
cohomology, namely
H•(M ;H)
∧[Θ]
−−→ H•cv(V ; pi
∗H).
Then we we can conclude:
Proposition 3.8.1. Let p˜i be a vector bundle in the category ESmth, then wedging
with the Thom class induces an isomorphism
T h : H•(TM)
∧[Θ]
−−→ H•cv(T V ).

4. Symmetries and actions
4.1. Generalized symmetries. For the triple (TM,T ∗M, 〈, 〉), where 〈, 〉 is the
natural pairing, we have the group of symmetries G = Diff(M)⋉Ω2(M). The action
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of (λ, α) ∈ G on X = X + ξ ∈ TM is given by
(λ, α) ◦ X = λ∗(X + ξ + ιXα) = λ∗(X+ ιa(X)α),
where λ∗ on the forms is defined to be (λ
−1)∗ = (λ∗)−1. The composition law is
(µ, β) ◦ (λ, α) = (µ ◦ λ, λ∗β + α).
In the spirit of the present work, we think of G as the presentation of the group of
generalized symmetries of TM as a bundle with structures (T ∗M, 〈, 〉). As a corollary
of the proposition 3.5.2, the effect of choosing a different splitting gives an action of
B ∈ Ω2(M) on G by:
(4.1) B ◦ (λ, α) = (λ, α + λ∗B − B).
It’s easy to check that
B ◦ {(µ, β) ◦ (λ, α)} = {B ◦ (µ, β)} ◦ {B ◦ (λ, α)}.
Thus, similar to the definition 2.8.1 for the abstract spinor space, we define the
abstract group of symmetries of TM , without the Loday bracket ∗, as
G = I(M)×Ω2(M) G.
A choice of a splitting s ∈ I(M) gives the identification of G with G by the section
{s} × G of the bundle I(M)× G over G with fiber Ω2(M).
Let TM be an extended tangent bundle, whose Sˇevera class is [HM ] and GT the
group of symmetries of TM , as described in §3.6. Choose a splitting s ∈ I(M)
which defines H ∈ Ω30(M) with [H ] = [HM ]. The subgroup GH ⊂ G preserving the
Courant bracket [, ]H on TM is given by
GH = {(λ, α)|λ
∗H −H = dα}.
Then under the identification of {s} × G with G we see that
{s} × GH is identified with GT .
Definition 4.1.1. The action of a Lie group G on TM is given by a Lie group
homomorphism σ˜ : G→ GT . The action σ˜ is said to preserve the splitting s ∈ I(M)
if the image of G lies in {s} × (GH ∩Diff(M)) under the identification given above.
Proposition 4.1.2. Let G be a compact Lie group and σ˜ an action of it on TM ,
then there exist s ∈ I(M) which is preserved by σ˜.
Proof: Let’s start with a random splitting s′ ∈ I(M), under which we obtain the
homomorphism
σ˜′ : G→ G → {s} × G ≃ Diff(M)⋉ Ω2(M) : g 7→ (λg, αg).
Let H ′ ∈ Ω3(M) be the 3-form determined by s′. From the equation (4.1), we are
looking for a B ∈ Ω2(M) so that
αg + λ
∗
gB − B = 0 for all g ∈ G.
Consider the action of G on Ω2(M) induced by σ˜:
g(B) := αg + λ
∗
gB.
EXTENDED MANIFOLDS AND EXTENDED EQUIVARIANT COHOMOLOGY 17
We check that
(gh)(B) = αgh + λ
∗
ghB = λ
∗
hαg + αh + (λgλh)
∗B = g(h(B)),
i.e. it is indeed a well-defined action. Because G is compact, consider
B :=
∫
G
h(0)dµ(h) =
∫
G
αhdµ(h),
where µ is the Harr measure normalized so that the volume of G is 1. Obviously we
have for any g ∈ G
g(B) = αg + λ
∗
gB =
∫
G
gh(0)dµ(h) = B.
It follows that the splitting s = s′ + ι•B is preserved by σ˜. 
Now we go through the same process for the Lie algebras. The Lie algebra of G is
X = Γ(TM)⊕ Ω2(M) with the Lie bracket
[(X,A), (Y,B)] = ([X, Y ],LXB −LYA).
The infinitesimal action of (X,A) on Y ∈ TM is given by
(X,A) ◦Y = −[X, Y ]− LXη + ιYA, where Y = Y + η ∈ Γ(TM).
We write down the 1-parameter subgroup generated by (X,A):
et(X,A) := (λt, αt) where λt = e
tX and αt =
∫ t
0
λ∗tAdt.
From (4.1), we see that the effect of choosing a different splitting gives an action
of B ∈ Ω2(M) on X by:
B ◦ (X,A) = (X,A+ LXB).
We also have
[B ◦ (X,A), B ◦ (Z,C)] = B ◦ [(X,A), (Z,C)].
Thus, we define the Lie algebra X of the abstract group of symmetries of T TCM ,
without the Loday bracket ∗, as:
X = I(M)×Ω2(M) X .
Let XH ⊂ X be the Lie algebra of the group GH , then
Definition 4.1.3. The abstract Lie algebra XT of infinitesimal symmetries of TM
is the Lie sub-algebra of X defined by {s}×XH , where H is the twisting form defined
by s ∈ I(M).
From the definition, we see that XT is the Lie algebra of GT .
In the following, we describe the relations among the Lie algebras XT where the
structure of Courant algebroid varies. For this purpose, we fix a splitting s ∈ I(M)
and work in terms of X and XH , etc. When H = 0, we see that the Lie algebra
of G0 is X0 = Γ(TM) ⊕ Ω
2
0(M) with the standard bracket as given above. Let the
H-twisted Lie bracket [, ]H on X be given by
[(X,A), (Y,B)]H = ([X, Y ],LXB − LYA+ dιY ιXH).
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Then the subspace X0 of X is a Lie sub-algebra under this twisted bracket and the
linear isomorphism
ψH : (X , [, ])→ (X , [, ]H) : (X,A) 7→ (X,A+ ιXH)
is in fact a Lie algebra isomorphism. The following is straightforward (cf. [12]):
Proposition 4.1.4. As Lie algebras, (XH , [, ]) = ψ
−1
H (X0, [, ]H). 
Definition 4.1.5. Fix a splitting s ∈ I(M), which determines the 3-form H. For
(X,A) ∈ X0, the H-twisted infinitesimal action is
(X,A) ◦ (Y + η) = −[X, Y ]− LXη + ιY (A− ιXH)
and the corresponding H-twisted 1-parameter subgroup is et(X,A−ιXH). We say that
the (H-twisted infinitesimal) action of (X,A) ∈ X0 preserves the splitting s if the
corresponding (H-twisted) 1-parameter subgroup is so, i.e. A− ιXH = 0.
4.2. Extended symmetries. Let X ∈ Γ(TM), then it defines an element in XT .
Choose a splitting s ∈ I(M), which defines the twisting form H , then we have:
κ : Γ(TM)→ XH : X = s(X) + ξ 7→ κ(X) = (X, dξ − ιXH).
Following the identification of {s} × XH with XT , we see that κ is a well-defined
map to XT . The image of κ in XT is the space of infinitesimal extended symmetries,
while the kernel is Ω10(M), the closed 1-forms. It’s easy to see that the infinitesimal
action of X via κ on Γ(TM) is given by (the negative of) the (non-skew-symmetric)
Loday bracket −X ∗Y. Let
(λt, αt) = e
t(X,dξ−ιXH)
be the 1-parameter subgroup of generalized symmetries generated by X, then obvi-
ously the action of (λt, αt) on TM does not depend on the choice of splitting either.
We write etX ⊂ GT for the extended symmetries generated by X as above. We note
that eΓ(TM) form a subgroup ET of extended symmetries of GT . In fact, the Lie
bracket on XT is compatible with either of the brackets on Γ(TM), i.e.
κ([X,Y]) = κ(X ∗Y) = [κ(X), κ(Y)].
Definition 4.2.1. The action of the Lie algebra g on TM is given by a Lie algebra
homomorphism σ˜ : g→ XT . We say that g acts by extended symmetries if σ˜ factors
through κ, i.e. there is δ : g → Γ(TM) so that σ˜ = κ ◦ δ. Such an action is called
isotropic if the image of δ is isotropic with respect to 〈, 〉. The action σ˜ is integrable
to a G action, if it is induced by a Lie group homomorphism G→ GT . Then G acts
by extended symmetries, or the G-action is isotropic, if the corresponding g-action
is so.
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4.3. Hamiltonian action. Let (M,J ) be an extended complex manifold, which
is necessarily of even dimension 2n. It is well known that the extended complex
structure J induces a natural Poisson structure pi on M . Let G be a connected Lie
group acting on M via a homomorphism τ : G → ET , which is induced by a Lie
algebra homomorphism τ∗ : g → XT . The action τ is Hamiltonian with moment
map µ : M → g∗ if the geometrical action of G is Hamiltonian with respect to the
Poisson structure pi, with equivariant moment map µ, and the extended action is
generated by J (dµ).
4.4. Action on spinors. The action of the Clifford bundle Cl(TM) on S• is defined
via a choice of a splitting s ∈ I(M) by ιXρ = ιXρ+ ξ ∧ ρ where ξ = X − s(X). By
construction, ιX : S
•(M) → S•(M) does not depend on the choice of splitting, nor
on the Courant algebroid structure, and neither on [H ].
Lemma 4.4.1. Choose a splitting s ∈ I(M) and define λ˜t := e
tY and
LHXρ = −
d
dt
∣∣∣∣
t=0
(λ˜t ◦ ρ) = LXρ+ (dξ − ιXH) ∧ ρ.
Then λ˜t and L
H
X are well defined as operators on the space of spinors S
•(M).
Proof: We first recall from [9] that the effect of B-transform on ρ ∈ Ω∗(M) is
given by eB ◦ρ = e−B∧ρ. Under the given splitting, the action of etY = λ˜t = (λt, αt)
on Ω∗(M) are then given by λ˜t ◦ ρ = λt∗(e
−αtρ). Suppose that s′ ∈ I(M) is another
splitting so that s(X)− s′(X) = ιXB, then under s
′ we have
λ˜′t ◦ (e
B ◦ ρ) = λt∗(e
−α′t ∧ e−B ∧ ρ)
= λt∗(e
−(αt+λ∗tB−B)−B ∧ ρ)
= e−Bλt∗(e
−αt ∧ ρ) = eB ◦ (λ˜t ◦ ρ),
d
dt
∣∣∣∣
t=0
(λ˜t ◦ ρ) =
d
dt
∣∣∣∣
t=0
(e−
R t
0
λ∗r−t(dη−ιY H)dr ∧ λt∗ρ)
= −LY ρ+ (−(dη − ιYH) ∧ ρ) = −L
H
Yρ.
The lemma follows. 
Definition 4.4.2. The system of Cartan operators associated to TM on the space
of spinors S•(M) is the collection LTX, ιX and dT defined as above.
Theorem 4.4.3. Let X ∗ Y be the Loday bracket for the extended tangent bundle
TM . Then we have:
LTXρ = (dT ιX+ ιXdT )ρ(4.2)
[LTX,L
T
Y]ρ = L
T
X∗Yρ,(4.3)
(ιXιY+ ιYιX)ρ = 2〈X,Y〉ρ,(4.4)
(LTXιY− ιYL
T
X)ρ = ιX∗Yρ,(4.5)
(dT L
T
X −L
T
XdT )ρ = 0,(4.6)
d2T ρ = 0.(4.7)
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Proof: (4.2) and (4.4) follow directly from definition while (4.7) is well-known fact.
Let’s first fix a splitting s and consider in TM the action of generalized symmetries
on the terms in the above equations. Let λ˜ = (λ, α) ∈ G˜ be a generalized symmetry,
then
(4.8) λ˜ ◦H = λ∗(H − dα), λ˜ ◦ X = λ∗(X+ ιXα), and λ˜ ◦ ρ = λ∗(e
−αρ).
Thus we compute:
dλ˜◦H(λ˜ ◦ ρ) = λ∗(d− (H − dα)∧)(e
−α ∧ ρ) = λ∗(e
−α ∧ (d−H∧)ρ) = λ˜ ◦ dHρ,
ιλ˜◦X(λ˜ ◦ ρ) = λ∗(ιX(e
−α ∧ ρ) + (ξ + ιXα) ∧ e
−α ∧ ρ) = λ˜ ◦ (ιXρ),
Lλ˜◦H
λ˜◦X
(λ˜ ◦ ρ) = λ∗(LX(e
−α ∧ ρ) + (dξ + dιXα− ιX(H − dα)) ∧ e
−α ∧ ρ) = λ˜ ◦ (LHXρ).
(4.9)
Let λ˜t = e
tY be the (H-twisted) 1-parameter subgroup of generalized symmetries
generated by Y ∈ Γ(TM). Let Ht = λ˜t ◦ H , then direct computation shows that
d
dt
Ht = 0 for all t and it follows that Ht = H for all t. Then (4.9) provides
dT (e
tY◦ρ) = etY◦(dT ρ), ιetY◦X(e
tY◦ρ) = etY◦(ιXρ), and L
T
etY◦X(e
tY◦ρ) = etY◦(LTXρ),
from which (4.3), (4.5) and (4.6) follow. 
5. Extended equivariant cohomology
5.1. Cartan complex. Consider an extended action σ˜ of a Lie algebra g on TM
as in definition 4.2.1. This means that the map σ˜ factors through the map δ : g →
Γ(TM) with σ˜ = κ ◦ δ. Then we can generalize the usual definition of the Cartan
complex to the extended case by considering the algebra S•(M)⊗ Ŝ(g∗) of formals
series on g with values in S•(M).
The algebra Ŝ(g∗) is the a-adic completion of the polynomial algebra S(g∗) where
a is the ideal generated by all polynomials with zero constant term (we refer to
chapter 10 of [2] for the definition of the a-adic completion). In practice what it
means is that if {uj} is a base for g
∗ and S(g∗) = R[u1, u2, . . . ], then the a-adic
completion is the algebra of formal series in the uj’s:
Ŝ(g∗) = R[[u1, u2, . . . ]].
The parity of the elements are assigned according to the usual rule, i.e. the forms
are even or odd according to their degree while the formal series part Ŝ(g∗) is always
even.
There are various reasons why one needs to consider the algebra of formal series
and not the polynomial algebra. One of them being the fact that the B-field trans-
formations send forms to forms via multiplications with exponential maps. These
exponential maps are in general not polynomial maps and therefore by considering
only polynomials we would be reducing the change of coordinates transformations
to a small group which is not the one we are interested in. Most of the algebraic
properties of the Cartan model hold also for the completed model.
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We define
dT ,δ : S
•(M)⊗ Ŝ(g∗)→ S•(M)⊗ Ŝ(g∗) : (dT ,δρ)(τ) = dT ρ(τ)− ιδ(τ)ρ(τ) for τ ∈ g,
then one may check that it’s an odd operator and that
[d2T ,δ(ρ)](τ) = −L
T
δ(τ)ρ(τ) + 〈δ(τ), δ(τ)〉ρ(τ).
Choosing dual basis {τj} and {uj} of the Lie algebra g and its dual g
∗, we may
rewrite the above equation in coordinates:
dT ,δρ = dT ρ−
∑
j
ujιXjρ, and
d2T ,δρ = −
∑
j
ujL
T
Xj
ρ+
∑
j,k
ujuk〈Xj,Xk〉ρ,
where Xj := δ(τj). Notice that if the extended action σ˜ is isotropic and if L
T
δ(τ)ρ = 0,
then d2T ,δ(ρ) = 0. Thus, following the definition of the Cartan complex for equivari-
ant cohomology, we propose
Definition 5.1.1. Let σ˜ be an isotropic extended action of a Lie algebra g on TM
that factors through δ : g→ Γ(TM). The extended g-equivariant Cartan com-
plex is
(5.1) C•g(TM ; δ) := {ρ ∈ S
•(M)⊗ Ŝ(g∗)|LTδ(τ)ρ(τ) = 0 for all τ ∈ g},
with the odd differential dT ,δ. The cohomology H
•
G(TM ; δ) of the complex C
•
g(TM ; δ)
is the extended g-equivariant de Rham cohomology of TM under the extended action
σ˜ defined by δ. We will often drop the δ from the notations.
Notation: The action σ˜ is always integrable to a G-action for some Lie groupG with
Lie algebra g. We will assume that such group G is chosen so that no confusion may
arise. Therefore the extended g-equivariant de Rham cohomology will be denoted
as H•G(TM).
Assumption 5.1.2. We assume that all the extended actions are isotropic.
5.2. Module structure. Similar to lemma 4.4.1, we have the following for the
equivariant case
Lemma 5.2.1. The complex C•g(TM) is a differential Z/2-graded module over the
usual Cartan complex C•g(M). It follows that the cohomology H
•
G(TM) is a Z/2-
graded module over the usual equivariant cohomology H•G(M).
Proof: Choose a splitting of TM and let H be the 3-form associated by the
splitting. We only need to compute the operators LTδ(τ) and dT ,δ for ρ ∧ α where
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ρ ∈ C•g(TM) and α ∈ C
•
g(M):
LTδ(τ)(ρ ∧ α) = LXτ (ρ ∧ α) + (dξτ − ιXτH) ∧ (ρ ∧ α)
= LTδ(τ)ρ ∧ α + ρ ∧ LXτα = 0,
dT ,δ(ρ ∧ α) = d(ρ ∧ α)−H ∧ (ρ ∧ α)−
∑
j
uj(ιXj + ξj∧)(ρ ∧ α)
= dT ,δρ ∧ α + (−1)
|ρ|ρ ∧ dgα.
The last two equations imply the lemma. 
5.3. Invariant function. Let f : g → C∞(M) be a G-equivariant linear map and
denote fτ ∈ C
∞(M) the image of τ under f . Then we may “perturb” the map
δ : g→ Γ(TM) by df :
δf(τ) = δ(τ) + dfτ .
It’s easy to check that σ˜ = κ ◦ δf and the extended action δf is again isotropic. We
have
Proposition 5.3.1. The two extended equivariant cohomologies H•G(M ; δ) and
H•G(M ; δf ), defined respectively from δ and δf , are isomorphic.
Proof: Choose basis {τj} of g and dual basis {uj} of g
∗ and write fj = fτj . Let
b =
∑
j ujfj ∈ (C
∞(M) ⊗ g∗)G be the (ordinary) equivariant 2-form representing f
and consider the equivariant B-transformation ebρ:
dT ,δ(e
bρ) = eb(dT ,δ + dGbρ) = e
b(dT ,δ +
∑
j
ujdfjρ) = e
bdT ,δfρ.
By the module structure, we see that eb is a chain isomorphism between (C•G(TM), dT ,δ)
and (C•G(TM), dT ,δf ), and the proposition follows. 
In fact, in the proof above, we may replace b by any (ordinary) equivariant 2-form
BG = B +
∑
j
ujfj ∈ Ω
2(M)G ⊕ (C∞(M)⊗ g∗)G
and obtain:
Lemma 5.3.2. An equivariant BG-transformation induces an isomorphism on the
extended G-equivariant cohomologies H•G(T
′M, δf ) ∼= H
•
G(TM, δ) where the 3-form
defined by the same splitting s for TM is H and for T ′M is H ′ = H − dB. 
5.4. Preserving a splitting. Let G acts by extended action on TM and suppose
that the action preserves a splitting s ∈ I(M), i.e.
dξτ − ιXτH = 0 where δ(τ) = s(Xτ ) + ξτ for τ ∈ g,
and H is the 3-form determined by s. In such a case we have that Lδ(τ) = LXτ and
dT ,G = dG − HG∧ where dG = d −
∑
ujιXτj is the equivariant differential of the
(ordinary) Cartan model, and HG := H+
∑
j ujξj is a closed equivariant 3-form also
in the (ordinary) Cartan model. We then define
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Definition 5.4.1. The cohomology of the equivariant Cartan complex
(Ω•(M)⊗ Ŝ(g∗))g = {ρ ∈ Ω•(M)⊗ Ŝ(g∗)|LXτρ = 0 for all τ ∈ g}
with derivation dG−HG∧ will be called the HG-twisted equivariant cohomology
of M , and will be denoted by H•G(M ;HG).
Thus we obtain
Proposition 5.4.2. If the extended action σ˜ is isotropic and preserves a splitting,
then H•G(TM) = H
•
G(M ;HG).
Proof. As
dGHG = dH +
∑
j
uj(dξj − ιXτjH)−
∑
j,l
〈Xτj + ξj, Xτl + ξl〉ujul
then dGHG = 0 because H is closed (i.e. dH = 0), the action is pure, i.e. dξτ −
ιXτH = 0 and the action is isotropic, i.e. 〈Xτj + ξj, Xτl + ξl〉 = 0. 
Corollary 5.4.3. If a compact Lie group G acts by extended symmetries and is
isotropic, then H•G(TM) is isomorphic to H
•
G(M ;HG) for some closed equivariant
three form HG.
Proof: It follows from proposition 4.1.2. 
5.5. Factor through a splitting. In general, an ordinary closed G-invariant form
H (with respect to the geometrical action) does not necessarily lift to an equivariantly
closed form HG with respect to dG. From our construction, when the action is,
in certain sense, compatible with the twisting, we can still obtain a cohomology
encoding the action that will be twisted by the (not necessarily invariant) ordinary
closed 3-form H . We note that when H fails to lift, according to corollary 5.4.3, the
g-action does not integrate to an action of a compact Lie group.
A g-action factors through a splitting s if the map δ : g→ Γ(TM) factors through
s. For such action, suppose further that ιXτ ιXωH = 0 for all τ, ω ∈ g, where H is
the twisting form defined by s. Then the extended g-equivariant Cartan complex
becomes
C•g(M ;H) =
{
ρ ∈ Ω•(M)⊗ Ŝ(g∗)|LXτρ− ιXτH ∧ ρ = 0 for all τ ∈ g
}
,
with differential dG,H = dH −
∑
j ujιXj = dG−H∧. The corresponding cohomology
is denoted by H•H,G(M). We make the following definition:
Definition 5.5.1. Let M be an ordinary G-manifold and H ∈ Ω30(M) so that
ιXτ ιXωH = 0 for all τ , ω ∈ g, the H-twisted equivariant cohomology of M is
defined to be H•H,G(M) as above.
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5.6. Trivial action. We consider the trivial action of G on TM , where G can be
taken as a compact Lie group. This is an example of action preserving a splitting
described in §5.4, while it is of independent interest in the discussion of localization.
In the ordinary case, the trivial action of G on M gives the equivariant cohomology
H∗G(M ; 0) = H
∗(M)⊗Ĥ∗(BG), where Ĥ∗(BG) = Ŝ(g∗)g . Here, although the action
of G on TM is trivial, the cohomology H•G(TM) may be different from H
∗
G(M ; 0).
Consider a linear map δ : g→ Ω10(M) where in this case Ω
1
0(M) = ker κ ⊂ Γ(TM)
as defined in section §4.2. The induced action of G is then trivial on TM and the
extended g-equivariant Cartan complex becomes:
C•g(TM) = Ω
•(M)⊗ Ŝ(g∗) and dT ,δρ = dT ρ−
∑
j
ujξj ∧ ρ,
where ξj := δ(τj). Choose a splitting s, which defines twisting form H , and we
rewrite the differential as:
dT ,δρ = dρ−
(
H +
∑
j
ujξj
)
∧ ρ = dρ−HG ∧ ρ,
where HG := H +
∑
j ujξj is seen as representing a cohomology class in H
3
G(M)
because dξj = 0 and Xτj = 0. Thus, the extended equivariant cohomology H
•
G(TM)
is the HG-twisted equivariant cohomology H
•
G(M ;HG).
Corollary 5.6.1. If the 1-forms ξj are exact (say when H
1(M) = 0), then H•G(TM)
is isomorphic to the H-twisted cohomology of M tensored with Ĥ•(BG).
Proof. There are functions fj over M such that dfj = ξj . Then the B-field
transform defined by e−
P
j ujfj mapsH+
∑
j ujξj toH , thenH
•
G(TM)
∼= H•(M ;H)⊗
Ĥ•(BG). 
Example 5.6.2. Take M = S1 and G = S1 with the trivial G action in M , and
consider the extended action δ : R→ Ω10(M), 1 7→ dθ with TM = TM ⊕T
∗M . The
extended equivariant Cartan complex becomes
C•g(TM) = Ω
•(M)⊗ R[[u]]
with extended derivation dT ,G = d − udθ∧. An element α ∈ C
•
g(TM) is of the
following form, where fi and gj’s are functions over S
1:
α =
∑
i
fiu
i + dθ
∑
j
gju
j ⇒ dT ,Gα = df0 +
∑
i>0
(dfi − fi−1dθ)u
i.
Thus α is closed iff df0 = 0 and dfi = fi−1dθ for all i > 0, which implies that fi = 0
for all i, i.e. the closed forms are
α = dθ
n∑
j
gju
j ∈ Codg (TM).
EXTENDED MANIFOLDS AND EXTENDED EQUIVARIANT COHOMOLOGY 25
If we consider the form β =
∑
i hiu
i then α = dβ is equivalent to the set of
equations dh0 = g0dθ, dhi = (gi+hi−1)dθ, i > 0 has a solution whenever
∫
S1
g0dθ = 0.
So we can conclude that
HevG (T S
1) = 0 and HodG (T S
1) = R.
This does not contradicts corollary 5.6.1 as the 1-form dθ is not exact.
5.7. Circle bundle over surfaces. Let pi :M → Σ be an S1-principle bundle over
a closed surface Σ of genus g and choose H ∈ Ω3(M) be an invariant volume form.
We compute the cohomology group H•G(M ; kH), for k 6= 0, as defined in proposition
5.5.1, which is a special case of the equivariant cohomology H•G(TM) for TM with
twisting class [kH ]. We note that H can not be lifted to an equivariantly closed form
in the usual Cartan model. Suppose that HG = H + uξ were such a lifting, then we
compute dGHG = 0 ⇐⇒ dξ = ιXH and ιXξ = 0, where X is the infinitesimal action
of S1. It follows that ξ = pi∗λ for some λ ∈ Ω1(Σ). Then we have
∫
M
H = a
∫
Σ
dλ = 0
for certain a 6= 0, which is contradiction as H is a volume form.
The fact that H fails to lift to an equivariantly closed form implies that the
geometrical action of S1 cannot be lifted to an isotropic extended action on TM . It
implies that the action under consideration is in fact an extended action of R1.
We consider the complex:
C•G(M ; kH) = {ρ ∈ Ω
•(M)⊗Ŝ(g∗)|LXρ−kιXH∧ρ = 0} and dG,H = d−kH∧−uιX .
Because G = S1 is abelian, we have
C•g(M ; kH) = {ρ ∈ Ω
•(M)|LXρ− kιXH ∧ ρ = 0} ⊗ S(g
∗).
Let θ be a connection form on M and write ρ ∈ Ω•(M) as
ρ = ρ0 + θ ∧ ρ1, where ρi = ai + ρ
1
i + ρ
2
i and ιXρi = 0,
with ai ∈ Ω
0(M), ρji ∈ Ω
j(M). Then ρ ∈ C•g(M ; kH) iff
LXai = 0,LXρ
1
i = 0 and LXρ
2
i = kaiιXH.
By ιXρi = 0, we see that ιX(dρ
2
i − aikH) = 0, from which it follows that dρ
2
i − aikH
descends to Σ, i.e. dρ2i = aikH . Again, volume form argument implies that ai = 0.
In all, we have
ρ ∈ C•g(M ; kH) ∩ Ω
•(M) ⇐⇒ ρ = pi∗(α1 + α2) + θ ∧ pi
∗(β1 + β2).
where α1, β1 ∈ Ω
1(Σ) and α2, β2 ∈ Ω
2(Σ). Apply dG,kH we get
dG,kHρ = pi
∗(dα1)− upi
∗(β1 + β2)− dθ1 ∧ pi
∗(dβ1).
For a general form ρ =
∑
j u
jρj in the tensor product we compute
dG,kHρ = −dθ1 ∧ pi
∗
∑
j=0
ujdβ1,j − pi
∗
∑
j=1
uj(β1,j−1 + (β2,j−1 − dα1,j)) + pi
∗dα1,0.
It follows that dG,kHρ = 0 is equivalent to
β1,j = 0, β2,j = dα1,j+1 for all j > 0 and dα1,0 = 0⇒
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ker dG,kH =
{
ρ = dθ1 ∧ pi
∗
∑
j=0
ujdα1,j+1 + pi
∗
∑
j=0
uj(α1,j + α2,j), with dα1,0 = 0
}
.
To conclude we find that the equivariant cohomology H•G(M ; kH) in the case of
k 6= 0 is always the truncated de Rham cohomology of Σ =M/G:
H•G(M ; kH) ≃ H
•
{
0→ Ω1(M/G)
d
−→ Ω2(M/G)→ 0
}
,
which, of course, maps to the usual de Rham cohomology of Σ =M/G.
For k = 0, the cohomology H•G(M ; 0) is simply the usual equivariant cohomology,
which is isomorphic to the de Rham cohomology of Σ =M/G.
5.8. Non-free action on S3. Let S3 ⊂ C2 be the unit sphere. We consider the
standard coordinates z = (z1, z2) = (x1 + iy1, x2 + iy2) = (x1, y1, x2, y2) as well as
the polar coordinates (z1, z2) = r(e
iφ1 sinλ, eiφ2 cosλ) on C2, where r2 = |z1|
2+ |z2|
2,
λ ∈ [0, pi
2
) and φj ∈ [0, 2pi) for j = 1, 2. Let H = − sin(2λ)dλ∧dφ1∧dφ2 and consider
the extended tangent bundle TM of M = C2 \ {(0, 0)} with Sˇevera class [H ] (note
that [H ] 6= 0) with its corresponding splitting. Now, the embedding i : S3 → M
induces the extended structure T S3 with nontrivial Sˇevera class and with the chosen
splitting, we identify it as TS3 with i∗H-twisted structure. We consider the action
of G = S1 on S3 induced by rotating the first coordinate z1:
σ˜ : R1 → Γ(TS3) : 1 7→ X =
∂
∂φ1
− cos2 λdφ2,
which is pure with respect to the splitting. Thus by proposition 5.4, the extended S1-
equivariant cohomology H•S1(T S
3) is given by the twisted equivariant cohomology
H•
S1
(S3;HS1) with HS1 = H − u cos
2 λdφ2.
5.9. Calabi-Yau manifold. We recall the notion of generalized Calabi-Yau mani-
fold, which has a natural corresponding notion in the extended situation. For each
maximally isotropic subbundle L of TCM , there is an associated spinor line bundle
U , so that L = AnnU under Clifford multiplication. A generalized complex mani-
fold (M, J) is called generalized Calabi-Yau in the sense of [11], if there is d-closed
non-vanishing section of U . Since Clifford multiplication is locally defined on the
bundles, the definition of extended Calabi-Yau manifold naturally extends. We show
the following lemma, which is analogous to and a generalization of the corresponding
one in symplectic geometry:
Lemma 5.9.1. Let (M,J ; ρ) be an extended Calabi-Yau manifold, i.e. ρ ∈ Ω•(M)
is non-vanishing with Dρ = 0, J corresponds to maximally isotropic subbundle
L ⊂ TCM , which anihilates ρ under Clifford multiplication. Suppose that there is
Hamiltonian G-action on M with moment map µ, then ρ admits an equivariant
extension which is closed under DG.
Proof: The main point is that 〈J (dµ),J (dµ)〉 = 〈dµ, dµ〉 = 0 which makes
theorem 4.4.3 suitable as an infinitesimal definition of a group action (in the sense
of Cartan, see §2 of Guillemin-Sternberg). Let Xj = J (dµj) where µ =
∑
j µjuj,
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then by Hamiltonian-ness, we have (Xj + idµj) · ρ = 0, i.e. ιXjρ = −idµj ∧ ρ. Let
ρG = e
−iµρ, then we compute that
DGρG = D(e
−iµρ)−
∑
j
ujιXj (e
−iµρ) = 0.

6. Properties of the extended equivariant cohomology
In the first part we will show that the extended equivariant cohomology satisfies
all the expected properties of a cohomology theory, and in the second we will show
the Thom isomorphism when the action preserves a splitting, in particular, when
the group is compact. We will not assume G to be compact unless explicitly stated.
6.1. Functoriality. Let (M, TM) be an extended G-manifold, i.e., manifold M
with extended tangent bundle TM and an extended G-action. Let (N, T N) be an-
other such manifold and consider the morphism f˜ = (f, E˜) : (M, TM) → (N, T N),
where E˜ ⊂ −TM ⊕ f ∗T N is the extended structure on f , then
Definition 6.1.1. f˜ is a extended G-equivariant morphism if f is G-equivariant in
the usual sense and E˜ is closed under the diagonal G-action on −TM ⊕ f ∗T N .
In the alternative description of a pair (f, bf˜ ) of map and 2-form on M , we have
Proposition 6.1.2. Choose and fix splittings of the extended tangent bundles TM
and T N , which determines a bf˜ ∈ Ω
2(M), then the morphism f˜ is equivariant iff
ξτ = f
∗ητ + ιXτ bf˜ for all τ ∈ g,
where under the given splittings, Xτ = δ(τ) = Xτ + ξτ for τ ∈ g, etc.
Proof: For the action of G to preserve E˜ , we only need to show that the infinitesi-
mal action of g preserves E˜ . The proposition then follows by directly computing the
elements of the form
Xτ ∗M (X + f
∗η + ιXbf˜ ) +Yτ ∗N (f∗(X) + η), for X ∈ TM and η ∈ T
∗N.

Lemma 6.1.3. Let f˜ be an equivariant morphism, then for ρ ∈ S•(N)⊗ Ŝ(g∗),
(1) LTδM (τ)(f˜
•(ρ)) = f˜ •(LTδN (τ)ρ),
(2) dT ,δM (f˜
•(ρ)) = f˜ •(dT ,δNρ).
Proof: The map of linear spaces f˜ • : S•(N)⊗ Ŝ(g∗)→ S•(M)⊗ Ŝ(g∗) is induced
by the map of proposition 3.7.4. Let δM(τ) = Xτ + ξτ and δN(τ) = Yτ + ητ , then
both equations follow from direct computation using the equations (under a fixed
choice of splittings of the extended tangent bundles):
Yτ = f∗(Xτ ), ξτ = f
∗ητ + ιXτ bf˜ , HM = f
∗HN − dbf˜ and f˜
•(ρ) = e−bf˜ ∧ f ∗ρ.

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This lemma 6.1.3 implies the functoriality of the extended equivariant de Rham
cohomology with respect to the extended equivariant morphism f˜ , so we have
Corollary 6.1.4. Let f˜ be an extended G equivariant morphism f˜ : (M, TM) →
(N, T N), then it induces a morphism
f˜ • : H•G(T N, δN)→ H
•
G(TM, δM).
6.2. Mayer-Vietoris. Let U1 and U2 be open subsets of M with U1 ∪U2 =M and
let’s denote by U12 the intersection U1 ∩ U2. Then, it is clear that the sequence
0→ (C•g(TM), dT ,δM )
j
→ (C•g(T U1), dT ,δU1 )⊕(C
•
g(T U2), dT ,δU2 )
k
→ (C•g(T U12), dT ,δU12 )→ 0
is exact, where j(ω) = (ω|U1, ω|U2) and k(α, β) = α|U12 − β|U12. Then it induces a
long exact sequence in cohomology
H•G(TM)
j // H•G(T U1)⊕H
•
G(T U2)
k // H•G(T U12)

H•+1G (T U12)
OO
H•+1G (T U1)⊕H
•+1
G (T U2)k
oo H•+1G (TM)j
oo
6.3. Exact sequence for a pair. Suppose that there are extended G-actions σ˜F
and σ˜M on both F and M . Let i˜ : (F, T F ) → (M, TM) be a morphism extending
the embedding i : F ⊂M , then i˜ is an equivariant embedding if the extended action
σ˜F coincides with the action induced from the roof (3.4). Let K = AnnT ∗MTF , then
this is equivalent to the following:
δM |F : g→ Γ(Ann(K)) ⊂ Γ(i
∗TM) and δF : g
δM |F
−−−→ Γ(Ann(K))
pi
−→ Γ(T F ).
In particular, when we only consider the geometrical action, F is an equivariant
submanifold of M . By corollary 2.8.2, we have the induced map of equivariant
cohomology i˜• : H•G(TM)→ H
•
G(T F ), which exists at the chain level.
Now, performing the cone construction of i˜•, one can define the relative complex
as
C•g(TM, T F ) := C
•
g(TM)⊕ C
•−1
g (T F ), dT ,δ(ω, θ) = (dTM,δMω, i˜
•ω + dT F,δF θ)
that induces a short exact sequence of complexes
0→ C•−1g (T F )→ C
•
g(TM, T F )→ C
•
g(TM)→ 0.
Then we get the long exact sequence in cohomology
H•G(TM, T F )
// H•G(TM)
i˜• // H•G(T N)

H•+1G (T N)
OO
H•+1G (TM)
i˜•
oo H•+1G (TM, T F )
oo
which is known as the exact sequence for a pair.
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6.4. Excision. If we have the triple A ⊂ Y ⊂ X , the isomorphism H•G(T (X −
A), T (Y − A)) ∼= H•G(T X, T Y ) is obtained by using the Mayer-Vietoris sequence
for the sets X − A and Y , and the long exact sequences for the pairs (X, Y ) and
(X − A, Y − A); this is an exercise in algebraic topology.
6.5. Thom isomorphism. This section is not completely satisfactory because we
were not able to prove the Thom isomorphism in the generality of the extended
equivariant cohomology. Nevertheless we will show in what follows the Thom iso-
morphisms for extended actions that preserves a splitting, for which the extended
equivariant cohomology is the twisted equivariant cohomology.
6.5.1. Thom isomorphism for twisted equivariant cohomology. Let pi : Z → M be a
G equivariant real vector bundle of rank k. Then integration along the fibers of the
map pi on the Cartan complexes
pi∗ : (Ω
•
cv(Z)⊗ S(g
∗))g −→ (Ω•(M)⊗ S(g∗))g ,
where Ω•cv(Z) denotes differential forms with vertical compact support, is a chain
map and induces an isomorphism in equivariant cohomology (see [10, Thm 10.6.1])
pi∗ : H
l
G,cv(Z)
∼=
−→ H l−kG (M).
This isomorphism is what is known as the Thom isomorphism. Its inverse is obtained
by wedging with the Thom class Θ ∈ HkG,cv(Z)
H l−kG (M)
∼=
→ H lG,cv(Z)
α 7→ Θ ∧ pi∗α.
Let HG be a closed equivariant three form onM and let’s consider the HG-twisted
equivariant Cartan complex ofM and the pi∗HG-twisted equivariant Cartan complex
of Z with vertical compact support.
Proposition 6.5.1. The map pi∗ is chain map of twisted complexes
pi∗ :
((
Ω•cv(Z)⊗ Ŝ(g
∗)
)g
, dG − pi
∗HG∧
)
−→
((
Ω•(M)⊗ Ŝ(g∗)
)g
, dG −HG∧
)
and it induces an isomorphism of twisted equivariant cohomologies
pi∗ : H
∗
G,cv(Z, pi
∗HG)
∼=
−→ H∗G(M,HG).
Proof. Let’s filter by degree the complexes
Cg,cv(Z, pi
∗HG) :=
((
Ω•cv(Z)⊗ Ŝ(g
∗)
)g
, dG − pi
∗HG∧
)
Cg(M,HG) :=
((
Ω•(M)⊗ Ŝ(g∗)
)g
, dG −HG∧
)
with F
p
Cg(M,HG) the equivariant forms with degree ≥ p and F
pCg,cv(Z, pi
∗HG) the
equivariant forms of degree ≥ p + k.
The homomorphism pi∗ is a chain map of twisted complexes because
pi∗(dGρ− pi
∗HG ∧ ρ) = dGpi∗ρ− pi∗(pi
∗HG ∧ ρ) = dGpi∗ρ−HG ∧ pi∗ρ,
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and moreover, it induces a morphism of filtered differential graded modules
pi∗ : (Cg,cv(Z, pi
∗HG), dG − pi
∗HG∧;F )→ (Cg(M,HG), dG −HG∧;F ).
We have then that pi∗ induces a homomorphism on the spectral sequences associ-
ated to the filtrations
pi∗ : E
∗,∗
k → E
∗,∗
k
whose first level are the equivariant differential forms
pi∗ : E
∗,∗
1 = (Ω
•
cv(Z)⊗ S(g
∗))g → E
∗,∗
1 = (Ω
•(M)⊗ S(g∗))g
and and whose differential is equivariant derivative δ1 = dG.
Therefore the second level is the equivariant cohomology and pi∗ induces an iso-
morphism
pi∗ : E
∗,∗
2 = H
•
G,v(Z)
∼=
→ E
∗,∗
2 = H
•
G(M).
Now, we also have that the twisted cohomology is complete with respect to the
filtration, i.e.
H•G,cv(Z, pi
∗HG)) = lim
←p
H•G,cv(Z, pi
∗HG)/F
pH•G,cv(Z, pi
∗HG).
This last statement holds because of two facts: first because the filtration by degree
F pH•G,cv(Z, pi
∗HG) is equivalent to the filtration a
pH•G,cv(Z, pi
∗HG) given by the a-dic
topology, where a is the ideal of S(g∗) generated by polynomials with zero constant
term; and second because the twisted cohomology H•G,cv(Z, pi
∗HG) is complete with
respect to the a-dic completion, as it is a finitely generated Ŝ(g∗)-module.
The facts that the twisted cohomologies are complete, that the filtrations are
exhaustive and weakly convergent (because the filtrations are by degree), and that
at the second level we have an isomorphism, imply by theorem 3.9 of [16] that pi∗
induces an isomorphism of twisted equivariant cohomologies
pi∗ : H
•
G,cv(Z, pi
∗HG)
∼=
→ H•G(M,HG).

By the same argument as in the untwisted case, the inverse map of pi∗ is given
by wedging with the equivariant Thom form Θ. We can conclude that we have an
isomorphism
Th : H•G(M,HG)
∧[Θ]
−−→ H•G,cv(Z, pi
∗HG).
6.5.2. Thom isomorphism for pure extended actions. Let p˜i : (Z, T Z) → (M, TM)
be a vector bundle in the category ESmth, where a Lie group G acts on (M, TM)
by generalized (resp. extended) symmetries. The bundle p˜i is an equivariant bundle
if there is a generalized (resp. extended) G-action on (Z, T Z) lifting the one on M .
It means that the action on Z is fiberwise linear and the action on M is induced
from that of Z by restricting to the 0-section.
When theG action on TM preserves a splitting, we see thatH•G(TM)
∼= H∗G(M ;HG)
and H•G,cv(T Z)
∼= H∗G,cv(Z; pi
∗HG). As
Th : H•G(M ;HG)
∼=
→ H•G,cv(Z; pi
∗HG)
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we have that it induces an isomorphism of extended equivariant cohomologies
Th : H•G(TM)
∼=
→ H•G,cv(T Z).
7. Localization
7.1. Fixed point set of generalized action. Let’s fix the splitting s ∈ I(M) that
is preserved by the action of the (not necessarily compact) Lie group G. Then by
definition, the image of the homomorphism
σ˜ : G→ GT ≃ {s} × GH
lies in GH ∩ Diff(M). Let x ∈ F ⊂ M be a fixed point where F is a component
of fixed point set. Consider the induced representation of G on TxM . The action
preserves the splitting of TxM = TxM ⊕ T
∗
xM . Furthermore, the representations
TxM and T
∗
xM split as following:
TxM = TxF ⊕Nx and T
∗
xM = T
∗
xF ⊕N
∗
x ,
where we have T ∗xF = N
⊥
x and N
∗
x = TxF
⊥ with respect to the natural pairing
between TM and T ∗M . This can be seen in what follows. It is obvious that TxM
splits as such, where the TxF component is simply the trivial sub-representation,
while Nx is the non-trivial part. For T
∗
xM , we choose dual basis {vi} and {ui} of TxM
and T ∗xM respectively, so that TxF = Span(vi=1,...,k) and Nx = Span(vi=k+1,...,n). Let
g ∈ G and we compute
(gij) = (〈g ◦ ui, vj〉) = (〈ui, g ◦ vj〉) =
(
Ik×k 0
0 ∗
)
In particular, it follows that g ◦ ui = ui for i = 1, . . . , k. Let T
∗
xF = Span(ui=1,...,k)
and N∗x = Span(ui=k+1,...,n), then they are sub-representations of T
∗
xM and N
∗
x is
the non-trivial part. Thus the representation TxM = TxF ⊕Nx naturally splits into
trivial and non-trivial components.
Let TF = ∪x∈FTxF , then we show that
Lemma 7.1.1. Γ(TF ) is closed under the Courant bracket.
Proof: We consider the induced homomorphism of Lie group:
σ˜ : G→ GT ≃ {s} × GH : g 7→ (λg, αg).
Because σ˜ fixes the splitting s, we have αg = 0 and λ
∗
gH = H for all g ∈ G. Then
by definition,
Y = Y + η ∈ Γ(TF ) ⇐⇒ λg∗Y = Y and λg∗η = η for all g ∈ G.
Let Z ∈ Γ(TF ), straight forward computation gives λg∗[Y,Z]H = [Y,Z]H . 
By lemma 3.2.4, we see that TF is isomorphic to the induced extended tangent
bundle T F in (3.4) as a Courant algebroid. Thus the Sˇevera class of T F is given by
[HF ] = [i
∗HM ] ∈ H
3(F ).
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Corollary 7.1.2. Let σ˜ : G→ G be a proper extended action and F a fixed point set
component of the geometrical action σ. Then the induced action on T F is trivial,
as described in §5.6. 
7.2. Localization in twisted equivariant cohomology. In this section we show
the localization theorem in twisted equivariant cohomology following [1]. Here we
restrict to the case where G is compact. Then proposition 4.1.2 implies that we may
fix a splitting s ∈ I(M) and assume that the G-action preserves s.
As we have seen in proposition 5.4.2 the cohomology of H•G(TM) could be calcu-
lated using the twisted equivariant de Rham cohomology
(Ω•(M)⊗Ŝ(g∗))G = {ρ ∈ Ω•(M)⊗Ŝ(g∗)|Lδ(τ)ρ = 0 for all τ ∈ g} and DG = dG−α∧,
twisted by α := HG = H+
∑
j ujξτj whenever the action is pure, i.e. dξτj−ιXτjH = 0
Recall that when the action is pure α defines a cohomology class [α] ∈ H3G(M) and
the twisted equivariant de Rham cohomology is denoted by H•G(M ;α).
As H•G(M ;α) is a module over H
•
G(M) (see lemma 5.2.1) then H
•
G(M ;α) becomes
a module over H•(BG) = S(g∗)g. If i : F → M is the inclusion of the fixed point set
of the geometrical action of G, we will show that the pullback i∗ and the pushout
i∗ in extended equivariant cohomology are inverses of each other after inverting the
equivariant Euler class of the normal bundle of F . For this we will mimic the proof
of Atiyah and Bott of the localization theorem in equivariant cohomology [1, 4].
For the sake of simplicity we will focus on the case that G is a torus and we will
make use of complex coefficients. Having setup the hypothesis we can start.
Recall that for G a torus we have that H•(BG) = S(g∗) = C[u1, . . . un] a poly-
nomial ring in n variables. The support of a H•(BG)-module A is, supp(A) =⋂
{f |f ·A=0} Vf where Vf = {X ∈ g|f(X) = 0}, then
Lemma 7.2.1. supp(H•G(M ;α)) ⊂ supp(H
•
G(M))
Proof. If f · H•G(M) = 0, by the definition of the H
•(BG)-module structure in
H•G(M ;α), one has that f ·H
•
G(M ;α) = 0. The inclusion follows. 
Let F = MG be the fixed point set of the G-action, then from [4, Prop 5.2.5] we
know that supp(H•G(M − F )) ⊂
⋃
H h where H describes the finite set of proper
stabilizers of points in M − F , and h is the Lie algebra of H . Then we have that
supp(H•G(M − F ;α)) ⊂
⋃
H h, and therefore H
•
G(M − F ;α) is a torsion H
•(BG)-
module.
Lemma 7.2.2. The kernel and the cokernel of the map i∗ : H•G(M ;α)→ H
•
G(F ; i
∗α)
have support contained in
⋃
H h where the H runs over the stabilizers 6= G of points
in M .
Proof. Let U be an equivariant tubular neighborhood of F . We know that
supp(H•G(M − U ;α)) ⊂
⋃
H h and also supp(H
•
G(∂(M − U);α)) ⊂
⋃
H h. Using the
long exact sequence for the pair (M − U, ∂(M − U)) we conclude that
supp(H•G(M − U, ∂(M − U);α)) ⊂
⋃
H
h.
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Let V be another equivariant tubular neighborhood containing U , such that V −U ∼
∂(M−U) = ∂U . Then by excisionH•G(M,F ;α)
∼= H•G(M,V ;α)
∼= H•G(M−U, ∂(M−
U);α), so in particular H•G(M,F ;α, ) ⊂
⋃
H h. From the long exact sequence for the
pair (M,F ),
H•G(M,F ;α, )→ H
•
G(M ;α)
i∗
→ H•G(F ; i
∗α, )→ H•G(M,F ;α)
the lemma follows. 
The Thom Isomorphism in twisted cohomology is obtained by wedging with the
Thom class (see §6.5). So for pi : ν → F the equivariant normal bundle of F in M
of rank d = dim(M) − dim(F ) (seen as a tubular neighborhood q : ν → M), and
Θ ∈ Hdcv,G(ν) the Thom class, the Thom isomorphism is
th : H•G(Fi
∗α) → H•cv,G(ν; pi
∗i∗α)
a 7→ pi∗(a) ∧Θ.
But we need to land in H•cv,G(ν; q
∗α). Then we use the fact that pi∗ is in isomorphism
in equivariant cohomology and therefore there is an equivariant form σ on ν such that
q∗α = pi∗i∗α−dGσ. This gives us the isomorphism H
•
cv,G(ν; pi
∗i∗α)
e−σ
→ H•cv,G(ν; q
∗α),
that precomposed with the Thom map is what we are going to call (by abuse of
notation) the Thom isomorphism Th := e−σ ◦ th.
The pushforward map i∗ : H
•
G(F ; i
∗α)→ H•G(M ;α) is defined as the composition
of the maps
H•G(F ; i
∗α)
Th
→ H•cv,G(ν; q
∗α) ∼= H•G(M,M − F ;α)→ H
•
G(M ;α),
and recall that the equivariant Euler class eG(ν) is defined as the element in H
d
G(F )
such that pi∗eG(ν) = j
∗Θ, where j∗ : H•cv,G(ν) → H
•
G(ν) is the natural homomor-
phism
Lemma 7.2.3. The composition i∗i∗ is equivalent to multiplying by eG(ν) (using the
H•G(F )-module structure), i.e. for a ∈ H
•
G(F ; i
∗α), we have i∗i∗(a) = a ∧ eG(ν).
Proof. Consider the commutative diagram
H•G(F ; i
∗α)
Th
//
i∗
,,
H•cv,G(ν; q
∗α) //
j∗

H•G(M ;α)
i∗

H•G(ν; q
∗α) H•G(F ; i
∗α).
pi∗
oo
Then from the left side j∗Th(a) = pi∗a ∧ j∗Θ = pi∗(a ∧ eG(ν)), and from the right
hand side j∗Th(a) = pi∗(i∗i∗(a)), and as pi
∗ is an isomorphism, one obtains that
i∗i∗(a) = a ∧ eG(ν). 
Lemma 7.2.4. The kernel and the cokernel of the map i∗ : H
•
G(F ; i
∗α)→ H•G(M ;α)
have support contained in
⋃
H h where the H runs over the stabilizers 6= G of points
in M .
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Proof. Consider the cohomology exact sequence of the pair (M,M − F )
H•G(M − F ;α)
// H•G(M,M − F ;α)
∼=

// H•G(M ;α)
// H•G(M − F ;α)
H•G(F ; i
∗α)
i∗
66lllllllllllll
and as supp(H•G(M − F ;α)) ⊂
⋃
H h the lemma follows. 
For Z ⊂ F a connected component of the fixed point set there exist a polynomial
fZ ∈ H
•(BG) such that the Euler class eG(νZ) of ν|Z is invertible in (H
•
G(F ))(fZ), the
localization of H•G(F ) in the ideal generated by fZ as a H
•(BG)-module. Therefore
for f =
∏
Z⊂F fZ then eG(ν) is invertible in (H
•
G(F ))(f) and moreover the kernel of
f is contained in
⋃
H 6=G h.
Now, define the homomorphism Q : (H•G(M ;α))(f) → (H
•
G(F ; i
∗α))(f) by Q(a) :=∑
Z⊂F i
∗
Z(a) ∧ eG(νZ)
−1 where eG(νZ)
−1 ∈ H•G(F )(f). It turns out that Q is the
inverse of i∗ after localizing at (f): Q◦ i∗ = 1 because of lemma 7.2.3, and i∗ ◦Q = 1
because the module structure is compatible with projections; namely for pi : ν → F
and a ∈ H•G(M ;α), one has that pi
∗(i∗a) ∧ pi∗(eG(ν)
−1) = pi∗(i∗a ∧ eG(ν)
−1). So, we
can conclude:
Theorem 7.2.5 (Localization at fixed points). For all x ∈ H•G(M ;α) in a suitable
localization, one has
x =
∑
Z⊂F
iZ∗ (i
∗
Z(x)) ∧ eG(νZ)
−1
From the localization theorem we get thatH•G(TM)(f)
∼= H•G(T F )(f), and from the
results in section §5.6 we get that H•G(T F ) is isomorphic to the twisted equivariant
cohomology of the fixed point set. So, for α = H +
∑
j ujξj the twisting form in M ,
we have
Corollary 7.2.6. If the G action is pure, then
H•G(TM)(f)
∼= H•G(F ; i
∗α)(f)
and if the 1-forms i∗ξj are all exact (say when H
1(F ) = 0) then
H•G(TM)(f)
∼= H•(F, i∗H)⊗ Ĥ•(BG)(f) = H
•(F, i∗H)⊗ C[[u1, . . . , un]](f).
Example 7.2.7. Let’s consider the S1 extended action on S3 from section §5.8. A
point in S3 is a pair of complex numbers z = (z1, z2) with |z1|
2+ |z2|
2 = 1 that could
also be written in polar coordinates as z1 = e
iφ1 sinλ and z2 = e
iφ2 cos λ. The 3-form
H is − sin(2λ)dλ∧dφ1∧dφ2, the S
1 action is defined by rotating the first coordinate
z1 and the extended action is R
1 → Γ(TS3) : 1 7→ ∂
∂φ1
− cos2 λdφ2. As the action is
pure, the form α := H − u cos2 λdφ2 is equivariantly closed, and therefore defines a
cohomology class [α] ∈ H3
S1
(S3). Recall that H•(BS1) = C[u].
The fixed point set of the circle action is the set F = {(z1, z2)|z1 = 0} ∩ S
3 which
is also a circle. If i : F → S3 is the inclusion, then i∗α = −udφ2 ∈ H
3
S1
(F ) =
H1(F )⊗H2(BS1) and therefore we can apply the results of the example 5.6.2. So
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we have that Hod
S1
(F ; i∗α) = R, while Hev
S1
(F ; i∗α) = 0. As the normal bundle ν
of F in S3 is trivial, and the action of the circle in the fibers is by rotation, then
the equivariant euler class of the normal bundle is eS1(ν) = u. By the localization
theorem, if we invert u we get the isomorphisms
HodS1(S
3;α)(u) ∼= H
od
S1(F ; i
∗α)(u) ∼= R(u) = 0,
and HevS1(S
3;α)(u) ∼= H
ev
S1(F ; i
∗α)(u) = 0.
Hence, applying the localization theorem we can deduce that the equivariant twisted
cohomology H•
S1
(S3;α) is a torsion C[u]-module.
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